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Abstract. We consider a simple cubic array of metallic nanoparticles supporting extended collective plas-
mons that arise from the near-field dipolar interaction between localized surface plasmons in each nanopar-
ticle. We develop a fully analytical quantum theory of the strong-coupling regime between these collective
plasmons and photons resulting in plasmon polaritons in the nanoparticle array. Remarkably, we show that
the polaritonic band gap and the dielectric function of the metamaterial can be significantly modulated
by the polarization of light. We unveil how such an anisotropic behavior in the plasmonic metamaterial
is crucially mediated by the dipolar interactions between the nanoparticles despite the symmetry of the
underlying lattice. Our results thus pave the way towards the realization of tunable quantum plasmonic
metamaterials presenting interaction-driven birefringence.
1 Introduction
The ability to manipulate light at subwavelength scales
beyond the diffraction limit of traditional optics is at the
very heart of the present research in plasmonic metama-
terials [1, 2] and transformation optics [3]. Metamaterials
have already been shown to exhibit exciting new proper-
ties such as negative refractive index [4–6], perfect lensing
[7,8], electromagnetic invisibility cloaking [9–11], “trapped
rainbow” slow light [12], and the ability to perform math-
ematical operations (“metamaterial analog computing”)
[13]. In this paper we explore the possibility to design novel
quantum plasmonic metamaterials [14] with a highly tun-
able optical response based on arrays of interacting metal-
lic nanoparticles.
While isolated metallic nanoparticles have been already
successfully exploited to confine electromagnetic radiation
down to the nanometer scale, the focus has now shifted
to the exploration of ordered plasmonic arrays of metal-
lic nanoparticles. In these systems the interactions be-
tween the nanoparticles lead to dramatic changes in the
collective plasmonic properties of the array as compared
to those of the individual nanoparticles. This opens up
new perspectives for confining and guiding light at sub-
wavelength scales, as has been explored experimentally
in one- and two-dimensional arrays of gold [15–17] and
silver nanoparticles [18–20] and studied theoretically by
means of classical electromagnetic calculations [21–26]. In
this context, we have recently exploited the tunability of
the near-field interaction in a two-dimensional honeycomb
array of metallic nanoparticles supporting Dirac-like col-
lective plasmons [27].
The optical response of plasmonic metamaterials is
determined by their dielectric function, which results in
the reflection and transmission coefficients. In order to
calculate the dielectric function it is crucial to identify
the eigenmodes responsible for transporting electromag-
netic radiation in arrays of metallic nanoparticles. These
modes, stemming from the coupling between light and
plasmons, have been extensively investigated in one- and
two-dimensional nanoparticle arrays in the weak coupling
regime [15–26], where the semiclassical theory of radiation
provides a satisfactory description of the optical proper-
ties. In contrast, it is well established [28, 29] that this
semiclassical picture is inadequate for studying the fun-
damental nature of absorption processes in periodic sys-
tems that require a full quantum treatment of the strong
coupling regime between light and matter, taking into ac-
count the conservation of crystal momentum between pho-
tons and polarization fields. This treatment gives rise to
new quasiparticles — termed polaritons — that were first
studied in the late 1950’s by Fano [28] and Hopfield [29] in
the context of excitons in bulk solids. Polaritons are coher-
ent superpositions of light and matter quantum fields and
represent the natural quasiparticles involved in absorption
processes in periodic systems. In the light of this analysis,
the exploration of three-dimensional arrays of interacting
metallic nanoparticles thus requires a full quantum analy-
sis of the strong coupling regime between photons and col-
lective plasmons that is expected to give rise to plasmon
polaritons. This is the purpose of the present theoretical
paper.
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As a proof of concept, we hence explore plasmon po-
laritons in a simple cubic array of metallic nanoparticles.
By means of a fully quantum-mechanical approach, we
analytically unveil the plasmon polariton band structure,
modeling the localized surface plasmon in each nanoparti-
cle as a point dipole interacting with the neighboring ones
through a near-field interaction. Such an interaction re-
sults in a plasmon polariton band structure that is highly
tunable with the polarization of light, giving rise to dra-
matic effects which would otherwise be absent in nonin-
teracting systems. Remarkably, we show that the plasmon
polariton band gap can be tuned by about 50 %. Our pre-
diction should thus be clearly observable in the frequency-
and wavevector-dependent dielectric function of the meta-
material, resulting in an interaction-driven birefringence
despite the symmetric lattice structure of the array. Our
analytical treatment can be easily generalized to other
three-dimensional lattices that are thus expected to ex-
hibit a similar tunable optical response. Our theoretical
proposal could be experimentally realized in self-organized
arrays of metallic nanoparticles capped with molecular
linkers such as thiol chains [30] and DNA [31].
Our paper is organized as follows: in Sect. 2 we present
our model of localized surface plasmons in a simple cubic
array of interacting metallic nanoparticles, while Sect. 3
presents our results for the collective plasmon dispersion.
In Sect. 4 we discuss the coupling of these collective modes
to light, and deduce the plasmon polariton dispersion in
Sect. 5. We present our conclusions in Sect. 6.
2 Arrays of interacting metallic nanoparticles
We consider an ensemble of identical spherical metallic
nanoparticles of radius r, each containing Ne valence elec-
trons, and forming a simple cubic lattice with N  1
lattice sites and lattice constant a.1 Each nanoparticle
supports a localized surface plasmon which corresponds
to a collective excitation of the electronic center of mass
that can be modeled as a point dipole oscillating at the
Mie frequency ω0 [32]. This is justified as long as the size
of the nanoparticle is much smaller than the wavelength
associated with light at frequency ω0.
2 For a nanoparti-
cle in vacuum, the Mie frequency takes the simple form
ω0 = (Nee
2/4pi0mer
3)1/2, where −e and me are the elec-
tron charge and mass, respectively, and where 0 is the vac-
uum permittivity. The noninteracting part of the Hamil-
tonian describing the independent localized surface plas-
mons on the cubic lattice sites hence reads [33,34]
H0 =
∑
R
[
Π2(R)
2M
+
M
2
ω20h
2(R)
]
, (1)
1 In the remainder of the paper, we consider Born-von Kar-
man periodic boundary conditions.
2 As detailed in Sect. 5, we consider nanoparticles having a
localized surface plasmon resonance in the visible range of the
spectrum and with typical size of the order of a few nanome-
ters.
where h(R) denotes the electronic center-of-mass displace-
ment corresponding to a nanoparticle located at position
R, Π(R) is the conjugated momentum to h(R) and M =
Neme is the total electronic mass per nanoparticle. The
point dipole corresponding to each localized surface plas-
mon has thus a dipole moment p = −Qh(R)pˆ, with pˆ the
unit vector indicating its direction and Q = Nee the total
electronic charge.
Assuming that the wavelength associated with the res-
onance frequency of each localized surface plasmon is much
larger than the interparticle distance a, retardation effects
can be ignored and the interparticle coupling occurs via
quasistatic near-field interaction. Moreover, when a & 3r,
the latter can be modeled [22, 23] as a coupling between
two point dipoles p and p′ located at R and R′, respec-
tively, with interaction potential
Vdip =
p · p′ − 3(p · n)(p′ · n)
4pi0|R−R′|3 , (2)
where n = (R − R′)/|R−R′|. In what follows, we im-
pose that, due to the electric field associated with light,
all localized surface plasmons are polarized in the same
direction pˆ = sin θ cosϕ xˆ+ sin θ sinϕ yˆ+ cos θ zˆ, where θ
is the angle between pˆ and zˆ, and ϕ the angle between the
projection of pˆ in the xy plane and xˆ. This is justified by
the absence of retardation effects in our point-like dipole
model. From (2) the interaction Hamiltonian between lo-
calized surface plasmons thus reads
Hint =
Q2
8pi0a3
∑
R
3∑
j=1
Cjh(R)
[
h(R+ej)+h(R−ej)
]
, (3)
with
Cj = 1− 3
[
sin2 θ
(
δj1 cos
2 ϕ+ δj2 sin
2 ϕ
)
+ δj3 cos
2 θ
]
(4)
and where e1 = a xˆ, e2 = a yˆ and e3 = a zˆ. Only inter-
actions between nearest neighbors are taken into account
in the Hamiltonian (3) since, as detailed in Appendix A,
the interactions beyond nearest neighbors do not qualita-
tively change the collective plasmon dispersion, as is also
the case for metallic nanoparticle arrays with other ge-
ometries [22,27].
3 Collective plasmon dispersion
Introducing the bosonic operator
bR =
√
Mω0
2~
h(R) + i
Π(R)√
2M~ω0
(5)
which annihilates a localized surface plasmon at lattice
site R and its momentum space representation bq through
bR = N−1/2
∑
q exp (iq ·R)bq, the Hamiltonian repre-
senting the collective plasmons,
Hpl = H0 +Hint, (6)
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with H0 and Hint defined in (1) and (3), respectively,
transforms into
Hpl = ~
∑
q
[
(ω0 + 2Ωfq)b
†
qbq +Ωfq(b
†
qb
†
−q + b−qbq)
]
,
(7)
with Ω = ω0(r/a)
3/2 ω0 and
fq =
3∑
j=1
Cj cos (q · ej). (8)
The purely plasmonic problem represented by the Ha-
miltonian (7) can be diagonalized by a Bogoliubov trans-
formation. The introduction of the new bosonic operators
βq = coshϑqbq − sinhϑqb†−q, (9)
with
coshϑq =
1√
2
(
1 + 2Ωfq/ω0√
1 + 4Ωfq/ω0
+ 1
)1/2
, (10)
sinhϑq = − sign(fq)√
2
(
1 + 2Ωfq/ω0√
1 + 4Ωfq/ω0
− 1
)1/2
, (11)
leads to
Hpl =
∑
q
~ωplq β†qβq, (12)
with the collective plasmon dispersion
ωplq = ω0
√
1 + 4
Ω
ω0
fq. (13)
It is important to realize that the dispersion (13) can be
tuned by the polarization of the localized surface plasmons
which enters the function fq in (8). This is illustrated in
Fig. 1 which shows the collective plasmon dispersion (13)
along the high symmetry axes in the first Brillouin zone.
As can be seen from the figure, the collective plasmon dis-
persion can be dramatically changed by the polarization
of the localized surface plasmons. As will be shown in Sect.
5, this feature is at the very heart of the tunability of the
polaritonic band gap, of the dielectric function and thus
of the resulting reflection and transmission coefficients of
the metamaterial with the polarization of light.
4 Coupling to light
The collective plasmons discussed above can be triggered
by light. As realized by Fano [28] and Hopfield [29], an
adequate description of the strong coupling of elementary
excitations to light in periodic systems can be achieved by
quantizing electromagnetic modes in a cavity that has the
same size as the crystal. This is a direct consequence of the
translational invariance of the nanoparticle array and the
subsequent conservation of photonic and plasmonic crystal
momenta. As a result, energy oscillates back and forth
qx
qy
qz
 
X
M
R
0.8
0.9
1
1.1
1.2
!
p
l
q
/!
0
M   X M R  
✓ = 0,' = 0
✓ = ⇡4 ,' = 0
✓ = ⇡2 ,' = 0
✓ = ⇡3 ,' =
⇡
3
Fig. 1. Collective plasmon dispersion relation (13) along the
high symmetry axes in the first Brillouin zone, for various po-
larization angles (θ, ϕ). In the figure, a = 3r. The inset shows
one eighth of the cubic first Brillouin zone together with the
high symmetry points.
between the two subsystems, such that the semiclassical
view of absorption processes is not appropriate. Hence,
we describe the photonic modes in the cavity of volume
V = Na3 by the Hamiltonian
Hph =
∑
q
~ωphq c†qcq, (14)
where cq (c
†
q) annihilates (creates) a photon with momen-
tum q and transverse polarization ˆ (q · ˆ = 0) and where
ωphq = c|q| is the photon dispersion with c the speed of
light [35]. Notice that in (14), the summation over photon
polarizations has been made implicit in order to simplify
the notation in the sequel of the paper.
In the long-wavelength limit (dipolar approximation),
the localized surface plasmons interact with the light modes
through the Hamiltonian
Hpl-ph =
∑
R
[
Q
M
Π(R) ·A(R) + Q
2
2M
A2(R)
]
, (15)
where
A(R) =
∑
q
ˆ
√
~
20Vωphq
(
cq e
iq·R + c†q e
−iq·R) (16)
is the vector potential at the location R of the nanoparti-
cles. Expressing the conjugate momentumΠ(R) = Π(R)pˆ
in (16) in terms of the creation and annihilation operators
associated with localized surface plasmons (see (5)), going
to Fourier space and using pˆ · ˆ = 1, we obtain for (15)
the expression
Hpl-ph = ~ω0
∑
q
[
iξq
(
b†qcq − c†qbq + b†qc†−q − c−qbq
)
+ ξ2q
(
c†qcq + cqc
†
q + c
†
qc
†
−q + c−qcq
) ]
, (17)
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with ξq = (piω0/ω
ph
q )
1/2(r/a)3/2. In terms of the Bogoli-
ubov modes (9) diagonalizing the purely plasmonic prob-
lem, and using the inverse transform bq = coshϑqβq +
sinhϑqβ
†
−q, equation (17) thus reads
Hpl-ph = ~ω0
∑
q
[
iξq(coshϑq − sinhϑq)
×
(
β†qcq − c†qβq + β†qc†−q − c−qβq
)
+ ξ2q
(
c†qcq + cqc
†
q + c
†
qc
†
−q + c−qcq
) ]
. (18)
5 Plasmon polariton dispersion
The total Hamiltonian
H = Hpl +Hph +Hpl-ph (19)
with Hpl, Hph and Hpl-ph given, respectively, in (12), (14)
and (18), can now be diagonalized by introducing the an-
nihilation operator associated with plasmon polaritons
γq = wqcq + xqβq + yqc
†
−q + zqβ
†
−q, (20)
with wq, xq, yq and zq complex numbers. As detailed in
Appendix B, imposing the diagonal form of the Heisenberg
equation of motion [γq, H] = ~ωPPq γq yields the frequency-
and wavevector-dependent dielectric function
(q, ω) =
c2q2
ω2
= 1 +
8piΩω0
ωplq
2 − ω2
. (21)
The spatial dispersion of the dielectric function (i.e., its
dependence on q) stems from the interaction between LSPs
leading to the plasmonic dispersion ωplq in our system. This
is reminiscent of the case of exciton polaritons in bulk
semiconductors [36]. A crucial difference of our system,
however, is that the dielectric function of the metama-
terial in (21) is strongly sensitive to the polarization of
incoming light, which quantitatively affects the collective
plasmon dispersion ωplq . This effect is a direct consequence
of the anisotropic dipolar interaction between the metallic
nanoparticles, resulting in a birefringence of the plasmonic
metamaterial despite the symmetric lattice structure of
our array. This is in stark contrast with conventional bire-
fringence observed in crystals, which is usually associated
with strongly asymmetric lattice structures [37].
The dielectric function (21) results in the plasmon po-
lariton dispersion
ωPPq,± =
1√
2
[
ωplq
2
+ ωphq
2
+ 8piΩω0
±
√(
ωplq
2
+ ωphq
2
+ 8piΩω0
)2
− 4ωplq 2ωphq 2
]1/2
(22)
which is shown in Fig. 2 along the ΓX direction in the
first Brillouin zone for transverse light polarization (i.e.,
+
−
0
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Fig. 2. Solid lines: plasmon polariton dispersion (22) along the
ΓX direction in the first Brillouin zone (see the inset in Fig.
1) and for transverse light polarization (qˆ · ˆ = 0). Dotted line:
dispersion ωphq of free light. Dashed line: collective plasmon
dispersion (13). In the figure, a = 3r and c/ω0 = 3a/2.
in the yz plane, see the inset in Fig. 1). For wavenum-
bers close to the edge of the first Brillouin zone, the +
and − branches of the plasmon polariton dispersion (22)
asymptotically approach the light and the collective plas-
mon dispersion, respectively. When |q| → 0, however, the
− branch goes to ωphq → 0, while the + branch tends to
ωPP|q|→0,+ ' ω0(1 + 8piΩ/ω0)1/2. Thus the strong plasmon-
photon coupling results in a gap of the order of ∆ ' 4piΩ
in the plasmon polariton dispersion. This has important
consequences on the optical properties of our simple cu-
bic array of nanoparticles. Indeed, for frequencies within
the band gap, no plasmon polariton can propagate in the
metamaterial, such that the reflectivity of the latter is
equal to one. We estimate that for an interparticle dis-
tance a = 3r, the polaritonic gap ∆ is about 25 % of the
Mie frequency ω0. For noble-metal nanoparticles, the lat-
ter usually lies in the visible range (ω0 ' 2 − 3 eV/~),
yielding a polaritonic gap of about ∆ ' 0.5− 0.75 eV/~.
Remarkably, the plasmon polariton dispersion (22) can
be tuned by the polarization of light through the modifica-
tion of the collective plasmon dispersion (13) (see Fig. 1).
This is illustrated in Fig. 3, which shows the plasmon
polariton dispersion along the ΓM direction in the first
Brillouin zone (see the inset in Fig. 1) for two polar-
ization angles ξ defined through the transverse polariza-
tion ˆ = cos ξ ˆ1 + sin ξ ˆ2, with ˆ1 = zˆ × qˆ/|zˆ × qˆ|
and ˆ2 = qˆ × ˆ1/|qˆ × ˆ1|. As can be seen from Fig. 3,
the − branch of the plasmon polariton is significantly
modulated by the polarization of light. This effect re-
sults from the dependence on polarization of the collec-
tive plasmon dispersion (dashed lines in the figure) and
on the consequent spatial dispersion of the dielectric func-
tion (21).3 Hence, the polaritonic band gap, defined as
∆ = ωPP|q|=0,+ − max(ωPPq,−), can be significantly modu-
3 Within our nearest-neighbour coupling approximation,
there are, however, exceptional directions in q-space for which
the plasmon polariton band structure does not depend on the
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Fig. 3. Solid lines: plasmon polariton dispersion (22) along the
ΓM direction in the first Brillouin zone and for two transverse
light polarizations characterized by the angle ξ (see text). Dot-
ted line: dispersion ωphq of light. Dashed lines: collective plas-
mon dispersion (13). Inset: polaritonic band gap as a function
of polarization angle. Same parameters as in Fig. 2.
lated (by about 50 %) by tilting the polarization of light,
as shown in the inset of Fig. 3. Considering the amplitude
of the effect, this feature should be clearly measurable in
an experiment measuring the reflectivity of the metama-
terial as a function of frequency. The size of the stop band
presenting perfect reflection should thus be significantly
modulated by the polarization of incoming light.
Plasmonic damping, that may mask the above gap and
its modulation, is of crucial importance for the experi-
mental observability of the effect we are predicting. The
plasmon polaritons are mainly subject to two sources of
dissipation: Ohmic (absorption) losses and Landau damp-
ing, i.e., the decay into electron-hole pairs [38, 39]. In the
present context, radiation damping is irrelevant due to the
very definition of plasmon polaritons which are eigenstates
of the coupled plasmon-photon system. A conservative es-
timate of the Ohmic losses from a Drude model yields,
at room temperature and for silver, a Drude linewidth
γD ' 17 meV/~ [40]. The Landau damping decay rate
can be expressed for an isolated metallic nanoparticle as
γL = 3vFg/4r, where vF is the Fermi velocity and g a
numerical factor of order one [38].4 For Ag nanoparticles,
one has ~γL ' 690 meV/r[nm], so that for the nanopar-
ticle sizes we consider, typically with radii of the order
of 10 nm, the total plasmonic linewidth is up to 0.1 eV/~
for silver nanoparticles. As a consequence, the polaritonic
band gap and its modulation estimated above should be
clearly observable in an experiment. Our estimate of the
plasmon polariton linewidth also shows that it is domi-
nated by Landau damping. The quantum origin of this dis-
direction of the transverse polarization for symmetry reasons,
e.g., the ΓX and ΓR directions.
4 This estimate still holds for near-field coupled nanoparti-
cles, see [41].
sipative mechanism and its predominance with respect to
absorption losses further justifies our quantum approach.5
6 Conclusion
We have developed an analytical quantum theory of the
strong coupling regime between photons and collective
plasmons in three-dimensional arrays of interacting metal-
lic nanoparticles. Remarkably, the resulting plasmon po-
laritons present a band structure that can be significantly
modulated by the polarization of light. Such a tunabil-
ity crucially stems from the dipolar interactions between
the localized surface plasmons in each nanoparticle. As a
result, the dielectric function and thus the reflection and
transmission coefficients of the metamaterial can be tuned
by changing the polarization of light. The consequent opti-
cal birefringence is directly due to the anisotropic dipolar
interactions between nanoparticles despite the symmetric
lattice structure of the metamaterial.
Our results obtained for a simple cubic array can be
easily extended to other types of metastructures, such as
bcc, fcc, or hcp lattices of metallic nanoparticles, paving
the way to quantum plasmonic metamaterials with fully
tunable optical properties.
We thank W. L. Barnes, R. Caroni, B. Donnio, S. Foteinopoulou,
J.-L. Gallani, P. Gilliot, O. Hess, R. A. Jalabert and D. Wein-
mann for valuable discussions and useful comments. We ac-
knowledge the CNRS PICS program (Contract No. 6384 APAG),
the French National Research Agency ANR (Project No. ANR-
14-CE26-0005-01 Q-MetaMat), and the Royal Society (Inter-
national Exchange Grant No. IE140367) for financial support.
A Collective plasmon dispersion with
dipole-dipole interaction beyond nearest
neighbors
For simplicity of treatment and to highlight the main
physical concepts behind our work, in Sect. 3 we only dis-
cuss the effects of interactions between nearest neighbor-
ing nanoparticles in the simple cubic lattice. However, as
the dipole-dipole interaction decays as one over the cube
of the interparticle distance, it is important to check the
robustness of our results against the effect of interactions
beyond nearest neighbors. In the following, we show that
the plasmon dispersion discussed in Sect. 3 is not qual-
itatively modified by interactions beyond nearest neigh-
bors. Specifically, we analytically compute the collective
plasmon dispersion including next, third and fourth near-
est neighbors and show that the interaction between the
nearest neighbors alone captures the relevant physics of
the problem.
5 For this reason, we also do not take into account absorption
losses when quantizing the radiation in the medium. See, e.g.,
[42].
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The purely plasmonic Hamiltonian (6) has to be sup-
plemented by three extra terms H
(2)
int , H
(3)
int and H
(4)
int when
the dipole-dipole interaction between next, third and fourth
nearest neighbors are taken into account, viz.
Hpl = H0 +Hint +
4∑
n=2
H
(n)
int , (23)
with
H
(2)
int =
Q2
8pi0(
√
2a)3
∑
R
3∑
j=1
∑
σ=±
C(2)jσ h(R)
× [h(R+ e(2)jσ ) + h(R− e(2)jσ )], (24a)
H
(3)
int =
Q2
8pi0(
√
3a)3
∑
R
2∑
j=1
∑
σ=±
C(3)jσ h(R)
× [h(R+ e(3)jσ ) + h(R− e(3)jσ )], (24b)
H
(4)
int =
Q2
8pi0(2a)3
∑
R
3∑
j=1
Cjh(R)
× [h(R+ 2ej) + h(R− 2ej)]. (24c)
Here, H
(n)
int represents the dipole-dipole interaction Hamil-
tonian between the nth nearest neighbors. We define
C(2)1σ = 1−
3
2
sin2 θ (cosϕ+ σ sinϕ)
2
, (25a)
C(2)2σ = 1−
3
2
(sin θ sinϕ+ σ cos θ)
2
, (25b)
C(2)3σ = 1−
3
2
(sin θ cosϕ+ σ cos θ)
2
, (25c)
C(3)1σ = 1− (sin θ cosϕ+ sin θ sinϕ+ σ cos θ)2 , (25d)
C(3)2σ = 1− (sin θ cosϕ− sin θ sinϕ+ σ cos θ)2 , (25e)
as well as the vectors e
(2)
1σ = e1 + σe2, e
(2)
2σ = e2 + σe3,
e
(2)
3σ = e1 + σe3, e
(3)
1σ = e1 + e2 + σe3, and e
(3)
2σ = e1 −
e2 + σe3. Using the bosonic ladder operator in momen-
tum space bq and its adjoint, the plasmonic Hamiltonian
(23) including dipole-dipole interactions up to the fourth
nearest neighbors then reads
Hpl = ~
∑
q
{[
ω0 + 2Ω
(
fq +
4∑
n=2
f (n)q
)]
b†qbq
+ Ω
(
fq +
4∑
n=2
f (n)q
)(
b†qb
†
−q + b−qbq
)}
, (26)
with
f (2)q =
1
2
√
2
3∑
j=1
∑
σ=±
C(2)jσ cos (q · e(2)jσ ), (27a)
f (3)q =
1
3
√
3
2∑
j=1
∑
σ=±
C(3)jσ cos (q · e(3)jσ ), (27b)
f (4)q =
1
8
3∑
j=1
Cj cos (2q · ej). (27c)
As explicited in Sect. 3, the Hamiltonian (26) above
can be diagonalized by a Bogoliubov transformation, lead-
ing to the collective plasmon dispersion
ωplq
(4)
= ω0
√√√√1 + 4 Ω
ω0
(
fq +
4∑
n=2
f
(n)
q
)
. (28)
The dispersion relation (28) is shown in Fig. 4 for various
polarization angles of the localized surface plasmons (solid
lines). For comparison, we also show in Fig. 4 the plasmon
dispersion (13) that only includes nearest neighbor inter-
actions (dotted lines), as well as the dispersion
ωplq
(2)
= ω0
√
1 + 4
Ω
ω0
(
fq + f
(2)
q
)
(29)
and
ωplq
(3)
= ω0
√√√√1 + 4 Ω
ω0
(
fq +
3∑
n=2
f
(n)
q
)
(30)
that include the next nearest and third nearest neighbors
(dashed and dashed-dotted lines in Fig. 4, respectively).
As can be seen from the figure, dipole-dipole interactions
beyond the nearest neighbor contribution do not lead to
dramatic qualitative changes in the collective plasmon dis-
persion relation. For clarity, in the main text we thus limit
ourselves to the discussion of dipole-dipole interaction ef-
fects between nearest neighbors only.
B Derivation of the plasmon polariton
dispersion
Below, we provide a detailed derivation of the plasmon
polariton dispersion relation (22), as well as of the associ-
ated dielectric function (21), following [29]. In terms of the
operators βq and β
†
q (cq and c
†
q) annihilating and creat-
ing a collective plasmon (a photon) of momentum q with
dispersion ωplq (ω
ph
q ), respectively, the total Hamiltonian
(19) of our system reads
H = ~
∑
q
[
Aqc
†
qcq +Bqβ
†
qβq
+ iCq
(
β†qcq − c†qβq + β†qc†−q − c−qβq
)
+ Dq
(
c†qcq + cqc
†
q + c
†
qc
†
−q + c−qcq
) ]
. (31)
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Fig. 4. Collective plasmon dispersion relation with dipole-dipole interaction including nearest (dotted), next nearest (dashed),
third nearest (dashed-dotted) and fourth nearest neighbors (solid lines) along the high symmetry axes in the first Brillouin zone,
for various polarization angles (θ, ϕ). In the figure, r = a/3.
Here we introduced the notation
Aq = ω
ph
q , (32a)
Bq = ω
pl
q , (32b)
Cq = ω0ξq(coshϑq − sinhϑq), (32c)
Dq = ω0ξ
2
q. (32d)
Note that these four coefficients are invariant under the
transformation q→ −q.
Introducing the new bosonic operators (20) and im-
posing the diagonal form of the Heisenberg equation of
motion [γq, H] = ~ωγq, we get with (31) the set of equa-
tionsAq + 2Dq − ω iCq −2Dq iCq−iCq Bq − ω iCq 02Dq iCq −Aq − 2Dq − ω iCq
iCq 0 −iCq −Bq − ω

×
wqxqyq
zq
 = 0. (33)
The system above only has nontrivial solutions when its
determinant is zero. Noticing that BqDq − C2q = 0 (see
(32)) the condition above yields the eigenvalue equation
(q, ω) ≡ A
2
q
ω2
= 1 +
4AqDq
B2q − ω2
, (34)
where (q, ω) is the frequency- and wavevector-dependent
dielectric function of the system. Solving for (34) gives the
plasmon polariton dispersion
ωPPq,± =
1√
2
[
A2q +B
2
q + 4AqDq
±
√(
A2q +B
2
q + 4AqDq
)2 − 4A2qB2q]1/2. (35)
With the coefficients (32), (34) and (35) then translate
into the dielectric function (21) and the plasmon polariton
dispersion (22).
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